We investigate properties of tempered distributions with discrete or countable supports such that their Fourier transforms are distributions with discrete or countable supports as well. We find sufficient conditions for support of the distribution to be a finite union of translations of a full-rank lattice.
introduction
Denote by S(R d ) Schwartz space of test functions ϕ ∈ C ∞ (R d ) with finite norms (1) N n,m (ϕ) = sup R d {max{1, |x| n } max k ≤m |D k ϕ(x)|}, n, m = 0, 1, 2, . . . ,
These norms generate the topology on S(R d ). Elements of the space S * (R d ) of continuous linear functionals on S(R d ) are called tempered distributions. For each tempered distribution f there are c < ∞ and n, m ∈ N ∪ {0} such that for all ϕ ∈ S(R d ) (2) |f (ϕ)| ≤ cN n,m (ϕ).
Moreover, this estimate is sufficient for distribution f to belong to S * (R d ) (see [20] , Ch is the Fourier transform of the function ϕ. Note that the Fourier transform of every tempered distribution is also a tempered distribution. An element f ∈ R d is called a quasicrystal Fourier if f andf are discrete measures on R d . In this case the support off is called spectrum of f . These notions were inspired by experimental discovery made in the middle of 80's of non-periodic atomic structures with diffraction patterns consisting of spots. There are a lot of papers devoted to investigation of properties of quasicrystals Fourier (see, for example, collections of works [2] , [17] , papers [4] - [15] , and so on).
A set A ⊂ R d is discrete if it has no finite limit points, and A is uniformly discrete if it has a strictly positive separating constant
Complex Radon measure or distribution is discrete (uniformly discrete) if its support is discrete (uniformly discrete). we will call the support of Fourier transform of a tempered distribution f spectrum of f as well. Following [14] , we will say that a discrete set A ⊂ R p is a set of finite type, if the set
A set A is a pure crystal with respect to a full-rank lattice L if it is a finite union of cosets of L.
We begin with the following result of N.Lev and A.Olevskii [7] , [8] on quasicrystals.
Theorem 1. Let µ be a uniformly discrete positive quasicrystal Fourier on R d with uniformly discrete spectrum. Then the support of µ is a subset of a pure crystal with respect to a full-rank lattice L, andμ is a subset of a pure crystal with respect to the conjugate lattice L * . The same assertion is valid for an arbitrary uniformly discrete quasicrystal Fourier with the spectrum of a finite type. In the dimension d = 1 the assertion is valid for every uniformly discrete quasicrystal Fourier with uniformly discrete spectrum. On the other hand, there are quasicrystals Fourier with discrete support and spectrum such that the above assertions do not valid.
Note that for dimension d > 1 there are non-positive quasicrystals Fourier with uniformly discrete support and spectrum such that their support is not a pure crystal ( [5] ).
There is another type of results.
Theorem 2 (F. [6] ). Let µ be a complex measure on R d with discrete support Λ of a finite type such that inf x∈Λ |µ(x)| > 0, let the Fourier transform be a measureμ = y∈Γ b(y)δ y with the countable Γ ⊂ R d such that
with some T < ∞. Then Λ is a pure crystal.
Let us now go over from measures to distributions. An analog of Theorem 1 for tempered distributions was proved by V.Palamodov [16] .
Theorem 3. Let f ∈ S * (R d ) be such that its support Λ and spectrum Γ are discrete sets of a finite type and, moreover, one of the differences Λ−Λ and Γ−Γ is uniformly discrete. Then Λ is a pure crystal with respect to a lattice L and Γ is a pure crystal with respect to the conjugate lattice L * .
In the present paper we obtain two analogs of Theorem 2 for tempered distributions.
the main results
By [19] , every distribution f with discrete support Λ has the form
Here δ y means, as usual, the unit mass at the point y ∈ R d and x k = x k 1 1 · · · x k d d . Moreover, ord f = sup λ deg P λ < ∞ (see Proposition 1 below). Therefore we will consider distributions
If the Fourier transformf has a discrete support Γ, we also have
We will suppose that m = ord f and m ′ = ordf . Also, we will consider the case of distributions f andf of forms (4) and (5) with arbitrary countable Λ and Γ. If this is the case, we will also say that Λ is support and Γ is spectrum of f . Denote by B(x, r) the ball in R d of radius r with the center in x, B(r) = B(0, r), by #A denote a number of elements of a discrete set A, and put n A (r) = #(A ∩ B(r)). We say that discrete A is of bounded density if
Clearly, every uniformly discrete set A is of bounded density, and every set A of bounded density satisfies the condition
Also, for any f of the form (4) set
Using properties of almost periodic measures and sets, we prove the following theorems in Section 4.
respectively, such that Λ 1 − Λ 2 is a discrete set and
Iff 1 ,f 2 are both measures with countable supports such that
, r → ∞, with some T < ∞, then Λ 1 , Λ 2 are pure crystals with respect to a unique full-rank lattice.
Theorem 5. Let f 1 , f 2 be tempered distributions on R d with discrete relatively dense supports Λ 1 , Λ 2 and discrete spectrums Γ 1 , Γ 2 , let Λ 1 − Λ 2 be a discrete set, and let (6) and (7) sup
satisfy, then Λ 1 , Λ 2 are pure crystals with respect to a unique full-rank lattice.
Corollary 2. Let f be tempered distribution on R d with discrete support Λ of a finite type and discrete spectrum Γ such that
then Λ is a pure crystal.
3. preliminary properties of distributions with discrete supports (3) with discrete Λ and satisfies (2) for some n, m. Then sup
and there exists C < ∞ such that
If Λ is uniformly discrete, then for all k, k ≤ m,
The second part of the Proposition was earlier proved by V.Palamodov [16] .
Proof of Proposition 1. Set λ ∈ Λ and ε ∈ (0, 1) such that
Let ϕ be a function on R such that
where, as usual, k! = k 1 ! · · · k d !. It is easily shown that
On the other hand, we get for some
Taking into account that supp ϕ(|x − λ|/ε) ⊂ B(λ, ε), we get (10) |p λ,k | ≤ α+β ≤m, β j ≤k j ∀j c(k, α, β) max{1, |λ| n }ε k − α+β .
Note that coefficients c(k, α, β) do not depend on λ and ε.
If k > m, we take ε → 0 and obtain p λ,k = 0, hence deg P λ ≤ m for all λ.
If k = m, we obtain |p λ,k | ≤ C max{1, |λ| n }. If Λ is uniformly discrete, we pick ε = ε 0 < min{1, η(Λ)/2}, and (10) implies the estimate
Remark. There are tempered distributions with discrete support such that conditions (9) do not valid for k < m.
Set
For any ψ ∈ S(R) we get
and f ∈ S * (R). Since p λ ′ j ,0 = −p λ j ,0 = 2 j , we see that estimate (9) does not valid for k = 0. (2) with some n, m, f has form (4) with countable Λ, andf has form (5) with discrete Γ. Then
For the case of uniformly discrete Γ we get
Corollary 3. Suppose f ∈ S * (R d ) satisfies (2) with n = d and some m, has form (4) with countable Λ, and spectrum Γ of f is discrete. Thenf is a measure, and
Proof of Proposition 2. Set γ ∈ Γ and pick ε ∈ (0, 1) such that
Let ϕ be the same as in the proof of Proposition 1. Put ϕ γ,l,ε (y) = (y − γ) l l! ϕ(|y − γ|/ε) ∈ S(R d ).
We have (11) (−1) l q γ,l = j ≤m ′ q γ,j D j δ γ (ϕ γ,l,ε (y)) = (f , ϕ γ,l,ε ) = (f,φ γ,l,ε ).
Note that ϕ γ,l,ε (x) = e −2πi x,γ (l!) −1 (−2πi) − l D l ( ϕ(·/ε)) = c(l)e −2πi x,γ ε d+ l (D lφ )(εx).
Therefore,
Sinceφ ∈ S(R d ), we get for every k, k ≤ m, and every M < ∞
Pick M = n. By (2), we have
Hence,
Since sup in the right-hand side of the inequality equals ε −n , we obtain |q γ,l | ≤ C ′ max{1, |γ| m }ε l +d−n .
If l > n − d, we take ε → 0 and get q γ,l = 0, hence ordf ≤ n − d.
If Γ is uniformly discrete, we take ε = ε 0 < η(Γ)/2 for all γ ∈ Γ and obtain the bound
Remark. Since N n,m (φ) ≤ C(n, m)N m,n (ϕ) for every ϕ ∈ S(R d ), we see that estimate (2) for f ∈ S * (R d ) implies the estimate |f (ϕ)| ≤ c ′ N m,n (ϕ). Therefore the direct application of Proposition 1 gives only the bound ordf ≤ n.
M.Kolountzakis, J.Lagarias proved in [12] that Fourier transform of every measure µ on the line R with support of bounded density, bounded masses µ(x), and discrete spectrum is also a measureμ = γ∈Γ q γ δ γ with uniformly bounded q γ . The following proposition generalizes this result for distributions from S * (R d ).
Proposition 3. Suppose f ∈ S * (R d ) has form (4) with some m and countable Λ, and discrete spectrum Γ. If
then ordf ≤ H. If, in addition, H is integer, then for j = H we get |q γ,j | ≤ C ′ max{1, |γ| m }. For the case of uniformly discrete Γ we get Corollary 5. If f ∈ S * (R d ) has form (4) with some m, bounded κ f (λ), discrete support Λ of bounded density, and discrete spectrum Γ, thenf is a measure, and
Proof of Proposition 3. Let ϕ γ,l,ε be the same as in the proof of Proposition 2. By (11) and (4),
Using (12), we get
We have
Integrating by parts and using the estimate for ρ f (r), we see that the right-hand side is equal to
If l > H, we take ε → 0 and get q γ,l = 0, hence, m ′ = ordf ≤ H. If H is integer, we get |q γ,l | ≤ C ′ max{1, |γ| m } for l = H. If Γ is uniformly discrete, we take ε = ε 0 < η(Γ)/2 for all γ ∈ Γ and obtain the bound
almost periodic distributions and proofs of Theorems 4 and 5
Recall that a continuous function g on R d is almost periodic if for any ε > 0 the set of ε-almost periods of g {τ ∈ R d : sup
is a relatively dense set in R d . Almost periodic functions are uniformly bounded on R d . The class of almost periodic functions is closed with respecting to taken absolute values, linear combinations, maximum, minimum of a finite family of almost periodic functions. A limit of a uniformly in R d convergent sequence of almost periodic functions is also almost periodic. A typical example of an almost periodic function is an absolutely convergence exponential sum c n exp{2πi x, ω n } with ω n ∈ R d (see, for example, [3] ). A measure µ on R d is called almost periodic if the function
is almost periodic in t ∈ R d for each continuous function ψ on R d with compact support. A distribution f ∈ S * (R) is almost periodic if the function (ψ ⋆ f )(t) = f (ψ(· − t)) is almost periodic in t ∈ R d for each ψ ∈ S(R d ) (see [1] , [15] , [18] ). Clearly, every almost periodic distribution has a relatively dense support.
Theorem 6. Let f ∈ S * (R d ) andf be a measure γ∈Γ q γ δ γ with countable Γ such that Proof of Theorem 6. Let ψ ∈ S(R d ). The converse Fourier transform of the function ψ(x − t) isψ(−y)e 2πi y,t . Therefore, (14) f (ψ(· − t)) =f (ψ(−y)e 2πi y,t ) = γ∈Γ q γψ (−γ)e 2πi γ,t .
Taking into account thatψ(−y) ∈ S(R d ), we see that the sum in (14) is majorized by the sum
Integrating by parts, we obtain that the integral converges, then the sum in (14) converges absolutely, and ψ ⋆ f is almost periodic. Combining this theorem with the results of the previous section, we obtain Theorem 7. Suppose f ∈ S * (R d ) has form (4) with countable Λ, has discrete spectrum Γ such that n Γ (r) = O(r T ) as r → ∞ for some T < ∞, and satisfies one of the following conditions i) inequality (2) holds with n = d and some m;
ii) ρ f (r) = O(r d ) as r → ∞;
iii) κ f (λ) is bounded and support Λ is of bounded density. Then f is an almost periodic distribution.
Proof of Theorem 7. Using Corollaries 3, or 4, or 5, we obtain thatf is a measure,
Therefore, integrating by parts, we get
Then we apply Theorem 6 completes the proof. Now we can proof the main results of our paper. Proof of Theorem 4. By Theorem 6, f j , j = 1, 2, are almost periodic distributions. In particular, Λ 1 is relatively dense. If there are λ n , λ ′ n ∈ Λ 2 such that λ n = λ ′ n and λ n − λ ′ n → 0 as n → ∞, then there are R < ∞ and x n ∈ Λ 1 such that λ n , λ ′ n ∈ B(x n , R). Therefore there exists infinitely many points of the set Λ 1 − Λ 2 in the ball B(R), that is impossible. Hence η(Λ 2 ) > 0 and, similarly, η(Λ 1 ) > 0. By Proposition 1, ord f j < ∞, j = 1, 2.
We apply Proposition 3 to the measureμ(y) =f 1 (−y) with m = 0 and H = T − d (we may suppose that T ≥ d). Since the Fourier transform ofμ(y) is just the tempered distribution f 1 with uniformly discrete support, we get representation (4) for f 1 with sup
Put s = inf λ∈Λ 1 κ f 1 (λ), and pick a number ε ∈ (0, η(Λ 1 )/5) such that
Let ϕ ε (x) be nonnegative C ∞ -function such that supp ϕ ε ⊂ B(ε + ε 2 ), ϕ ε (x) = 1 for |x| < ε.
Since f 1 is almost periodic, we see that the function g k,ε = f 1 ⋆ ϕ k,ε is almost periodic.
Fix λ ∈ Λ 1 . By (6) , there exists k ′ such that |p λ,k ′ | ≥ s. Put
Clearly, h ε (x) is an almost periodic function and
Let ψ be an arbitrary continuous function on R d with support in the ball B(η(Λ 1 )/5). It is readily seen that the function ψ ⋆ h ε is almost periodic as well. Since ε < η(Λ 1 )/5, we see that for each fixed t ∈ R d the support of the function ψ(· − t) intersects with at most one ball B(λ, ε + ε 2 ). Therefore we get
where ω d is a volume of the unit ball in R d , and
It follows from (15) and (16) that the almost periodic functions (ω d ε d ) −1 (ψ ⋆ h ε ) uniformly converge as ε → 0 to the function ψ⋆δ Λ 1 , where δ Λ 1 = λ∈Λ 1 δ λ . Hence the function ψ⋆δ Λ 1 is almost periodic. It is readily seen that the same is true for every continuous function ψ on R d with compact support. The similar construction works for δ Λ 2 = λ∈Λ 2 δ λ .
Thus δ Λ 1 , δ Λ 2 are almost periodic measures with discrete set of differences Λ 1 − Λ 2 . Applying Theorem 6 from [5] , we obtain that Λ 1 , Λ 2 are pure crystals with respect to a unique full-rank lattice.
Proof of Theorem 5. Since the sets Λ j , j = 1, 2, are relatively dense, we get, arguing as before, the bounds η(Λ j ) > 0 for j = 1, 2. Hence, both Λ j are of bounded density. By Corollary 5,f j are measures such that κf j (λ) = O(|λ| m ), |λ| → ∞, for some m < ∞. Using Theorem 7 iii), we obtain that both f j are almost periodic distributions, hence we can repeat the proof of Theorem 4.
Remark. It is clear that the bound η(Λ) > 0 follows immediately from the conditions of Corollaries 1 or 2.
